This paper deals with the existence and multiplicity of symmetric solutions for a weighted semilinear elliptic system with multiple critical Hardy-Sobolev exponents and singular potentials in R N . Applying the symmetric criticality principle and Caffarelli-Kohn-Nirenberg inequality, we establish several existence and multiplicity results of G-symmetric solutions under certain appropriate hypotheses on the parameters and the weighted functions.
Introduction
The present paper is devoted to the study of the following weighted semilinear elliptic system: On the other hand, in recent years, more and more attention have been paid to the existence and multiplicity of nontrivial solutions for singular elliptic systems. In a recent paper, Huang and Kang [] considered the following critical semilinear elliptic systems: However, concerning the existence and multiplicity of G-symmetric solutions for elliptic systems, we only find some results for singular elliptic systems in [-] and when G = O(N), several radial and nonradial results for nonsingular elliptic systems in [] . Motivated by the works [, , ], in the present paper, we study the existence and multiplicity of G-symmetric solutions for singular elliptic system (.) in R N . The main difficulties lie in the fact that there are not only the singular perturbations h(x)|x| -dp * d |u| q- u and h(x)|x| -dp * d |v| q- v, but also the nonlinear strong coupled terms l i=
u(x), v(x)
→⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ -u -μ  u |x-a  |  = |u|  * - u + ςα α+β |u| α- u|v| β + λ  |u| q  - u, in , -v -μ  v |x-a  |  = |v|  * - v + ςβ α+β |u| α |v| β- v + λ  |v| q  - v, in , u = v = , on ∂ ,ς i α i p * b |u| α i - u|v| β i , l i= ς i β i p * b |u| α i |v| β i - v
and weak coupled terms |u|
The remainder of this paper is organized as follows. Some preliminaries and the variational setting and the main results of this paper are presented in Section . The proofs of several existence and multiplicity results for the cases σ =  and K(x) ≡ K  in (.) are given in Section , while the proofs of multiplicity results for the cases σ >  and K(x) ≡ K  are detailed in Section . The methods of this paper are mainly based upon the symmetric criticality principle of Palais (see [] ) and variational arguments.
Preliminaries and main results
functions with respect to the norm
We recall that the well-known Caffarelli-Kohn-Nirenberg inequal-
N-(+a-e)
. If e =  + a, then p * e =  and we have the following weighted Hardy inequality (see [] ):
where μ = (
By the inequality (.), we easily see that the above norm is equivalent to the usual norm
Let O(N) be the group of orthogonal linear transformations in R N with natural action and let G ⊂ O(N) be a closed subgroup. For x =  we denote the cardinality of G x = {gx; g ∈ G} by |G x | and set |G| = inf  =x∈R N |G x |. Note that here |G| may be +∞. For any function
holds. In particular, if f is radially symmetric, then the corresponding group G is O(N) and |G| = +∞. Other further examples of G-symmetric functions can be found in [] .
The natural functional space to frame the analysis of (.) by variational techniques is the Hilbert space (D
In the present paper, we are concerned with the following problems:
 be a weak solution of (P K σ ) (see Sections  and ). We need the following basic definition.
The purpose of this paper is to investigate the existence and multiplicity of the positive solutions (including semi-positive solutions and strictly positive solutions) to the problem (P K σ ). Before stating our main results, we present the following two notations: S μ and y (x), which are, respectively, defined by
where > , and the constant C = C(N, a, b, μ) > , depending only on N , a, b, and μ. According to [] , we find that y (x) satisfies the equations
We suppose that the functions K(x) and h(x) verify the following hypotheses:
The main results of this paper are the following.
Remark . Under the condition (k.), we only assume that K(x) is bounded and continuous on R N , and K + (x) ≡ , where K + (x) = max{, K(x)}. In particular, we do not require any continuity of K(x) at infinity. Moreover, we also do not require
Corollary . Suppose that (k.) and (k.) hold. Then we have the following statements.
and either
and large |x| and Throughout this paper, the ball of center x and radius r is denoted by B r (x). We denote
resp.). O( t ) denotes the quantity satisfying |O( t )|/ t ≤ C, and o n () a datum which tends to  as n → ∞. We employ C, C  , C  , . . . to denote (possibly different) positive constants, and denote by '→' convergence in norm in a given Banach space X and by ' ' weak convergence. A functional F ∈ C  (X, R) is said to satisfy the (PS) c condition if each sequence
* has a subsequence which strongly con-
Existence and multiplicity results for problem (P K

)
The energy functional corresponding to problem (P
, and it is well known that the critical points of the functional
 correspond to the weak solutions of problem (P K  ). More precisely, by the symmetric criticality principle due to Palais (see Lemma .), we say that
Proof The proof is a repeat of that in [], Lemma  (see also [] , Proposition .) and therefore omitted here.
where τ min >  is a minimal point of B(τ ) and hence a root of the equation
, l). Then we have the following statements.
Proof Similar to the proof in Nyamoradi [], Theorem . 
Proof Similar to the proof of the concentration compactness principle in [] (see also
[], Lemma .).
To prove the existence results of problem (P K  ), we need the following local (PS) c condition.
Proof The proof is analogous to that of [] , Proposition , but we exhibit it here for com-
, and γ () such that relations (a)-(e) of this lemma hold. Let x j =  be a singular point of measures
hence, using (.) and the Hölder inequality and the fact that p * a =  * , we get
Taking the limits as → , we deduce from (.) and Lemma . that
This means that the concentration of the measures ρ () , ρ () and ν (i) cannot occur at points
For the point x = , similarly to the case x j = , we obtain
This, combined with (e) of Lemma ., implies that either
To study the concentration at infinity of the sequence we need to define the following quantities: 
Moreover, using the inequality (.) and the Hölder inequality, we obtain
Similarly, we have lim R→∞ lim sup n→∞ R N |x| -a |v n ∇v n ∇ψ () R | dx = . Therefore, we deduce from (.) and the definitions ()-() that
On the other hand, according to the inequality (.) and the definition (.) of S μ,l we find that μγ
∞ , and
This, combined with (.), implies that either
In the following, we rule out the cases (ii), (iv), and (vi). For every continuous nonnegative function ψ such that  ≤ ψ(x) ≤  on R N , we get from (.) and (.)
If (ii) occurs, then the set J must be finite because the measures ρ () , ρ () , and ν (i) (i = , . . . , l) are bounded. Since functions (u n , v n ) are G-symmetric, the measures ρ () , ρ () , and
and ν (i) (i = , . . . , l), so is gx j for each g ∈ G, and the mass of ρ () , ρ () , and ν (i) (i = , . . . , l) concentrated at gx j is the same for each g ∈ G. Assuming that (ii) holds for some j ∈ J with x j = , we choose ψ with compact support so that ψ(gx j ) =  for each g ∈ G and we have c ≥ |G|(η
∞ , which contradicts (.). Similarly, if (iv) holds for x = , we choose ψ with compact support, so that ψ() =  and we get c ≥ η
, a contradiction with (.). Finally, if (vi) occurs at ∞, we take ψ = ψ
, which is impossible. Therefore, ρ
. . , l) for all j ∈ J ∪ {, ∞}, and this implies that
From Lemma . we immediately obtain the following corollary.
Corollary . If K + () = K + (∞) =  and |G| = +∞, then the functional F satisfies the (PS) c condition for every c ∈ R.
Proof of Theorem . First of all, we choose >  such that the condition (.) holds, where y is the extremal function satisfying (.), (.), and (.). By (k.), (.), and (.), we get
In view of p * b > , we conclude that there exist constants α  >  and ρ >  such that
Moreover, if we set u = y , v = τ min y , and
with t ≥ , then we easily check that (t) has a unique maximum at some t > . Simple arithmetic gives us the value
Hence, we have
Furthermore, since F (ty , tτ min y ) → -∞ as t → ∞, we can choose t  >  such that (t  y , t  τ min y ) μ > ρ and F (t  y , t  τ min y ) < , and set
, and Lemma ., we obtain
If 
we obtain Proof of Corollary . First of all, we find that due to the identity (.), inequality (.) is equivalent to
for some > , where
Part (), case (i). According to (.) and (.), we need to show that
as → . On the other hand, for all > , we have
for some constant C  >  independent of . Combining (.) and (.), we get (.) for sufficiently small. Part (), case (ii). We choose  >  so that
So by (.) and the Lebesgue dominated convergence theorem we have
Therefore (.) holds for sufficiently small. Part (), case (i). From (.) and (.) it is sufficient to show that
for some constant C  >  independent of > . These two estimates combined together give (.) for >  large.
Consequently, by (.) and the Lebesgue dominated convergence theorem, we obtain
and (.) holds for >  large. Similarly to above, we know part () holds.
To prove Theorem . we need the following version of the symmetric mountain pass theorem (see [] , Theorem .). 
for all (ũ,ṽ) ∈ X m , with (ũ,ṽ) μ = . Consequently, if (u, v) ∈ X m \{(, )} then we write (u, v) = t(ũ,ṽ), with t = (u, v) μ and (ũ,ṽ) μ = . Therefore we obtain
for t large enough. By Lemma . and Corollary ., we conclude that there exists a sequence of critical values c m → ∞ and the results follow.
Proof of Corollary . Since K(x) is radially symmetric, we find the corresponding group G = O(N) and |G| = +∞. According to Corollary ., F satisfies the (PS) c condition for every c ∈ R. Therefore we deduce from Theorem . that the results follow.
Multiplicity results for problem (P
Throughout this section we assume that σ >  and K(x) ≡ K  >  is a constant. Since we are interested in positive G-symmetric solutions of problem (P
where  < q < , u + = max{, u}, and v + = max{, v}. By (h.), (.), the Hölder inequality, and the fact that
Thus we see from (.) that T σ is well defined,
and there exists a one-to-one correspondence between the weak solutions of (P 
. Moreover, using (h.), the Hölder inequality and the Lebesgue dominated theorem, we may also assume
By (.) and the standard argument, we easily check that (u, v) is a critical point of T σ . Therefore, we deduce from (h.), (.), (.), the Hölder inequality, and the fact that  < 
). By the last inequality in (.) and the fact p * b > , we conclude that, for small ς  , there exist constants α > , ρ > , and σ *
Thus the conclusion of this lemma follows.
Lemma . Suppose that (h.) and (h.) hold. Then there exists σ *  >  such that 
